Fluctuations in a combustion process of natural gas in the internal spark ignition engine have been investigated. We measured pressure of the cyclic combustion and expressed its cyclic oscillations in terms of indicated mean effective pressure per cycle. By applying the statistical and multifractal analysis to the corresponding time series we show the considerable changes in engine dynamics for a different equivalence ratio decreases from 0.781 to very lean conditions.
Introduction
Nonlinear internal combustion engine dynamics in the contexts of harmful cycle-to-cycle combustion fluctuations has been the subject of intensive research in the last few decades in the context of chaotic and stochastic phenomena [1 -28] . In the end of eighties of twentieth century Heywood [29] identified three main factors influencing cycle-to-cycle variations: aerodynamic in the cylinder during combustion, the amount of fuel, air and recycled exhaust gases supplied to the cylinder and a mixture composition near the spark plug. Although, the first papers discussed the fluctuations in the combustion of gasoline some recent reports concern fluctuations appearing in natural gas fuel engines [28, 30 -33] . In most of experimental studies time pressure series were measured inside the combustion chambers. To perform further analysis the series have been estimated in cyclic quantities as the effective pressure (Indicated Mean Effective Pressure -IMEP) [20, 28] , the peak pressure p max [17, 19, 27] or the heat release [4, 8, 14, 15, 18] . In this paper we continue this direction. After estimating the corresponding IMEP time series we perform the statistic and multifractal analysis. 
Experimental Stand and Measurement Procedure
The subject of the present test is a turbocharged 6-cylinder, 4-stroke Diesel engine with an intercooler. The tested unit was adapted for a natural gas engine fed by adding a multi-point port fuel injected system and spark plugs. The total engine cubic capacity is 9.726 dm 3 while the compression ratio is 10.5 : 1. Its geometric details are listed in Table 1 . To perform the experiment the engine was mounted on the corresponding test-bed.
The engine torque and power were measured using the 260 kW eddy current dynamometer. The speed of the engine was measured using a 60 tooth sprocket and magnetic pickup. The engine speed and torque Fig. 1 . Scheme of the experimental setup: 1, engine; 2, dynamometer; 3, dynamometer controller; 4, high-speed data acquisition board; 5, pressure transducer; 6, optical encoder; 7, ECU; 8, computer. were controlled with the special dynamometer controller in conjunction with a throttle controller. Finally the combustion process was monitored using a Kistler 6125B quartz pressure transducer connected to a Kistler 5015A mode charge amplifier. The pressure transducer was located in the head of cylinder No. 6. Though relatively robust to thermal shock, the transducer was mounted through the engine water jacket providing additional cooling and protection from such effects. The crankshaft position was measured using a free end mounted crank shaft encoder that was rigidly mounted to the front of the engine. Its position sensor was connected to the crank shaft with a flexible coupler. Further details on our experimental standing can be found in Li and Yao [28] . Experimental setup see Figure 1 .
After measuring pressure in the combustion chamber we have estimated IMEP which is defined as an equivalent constant pressure in a given combustion cycle. This pressure acting on the engine piston during the whole expansion stroke performs the same amount of work as the real variable pressure in the cylinder [29] . It can be expressed as:
where Li is the amount work indicated in the cylinder, and Vs is the piston displacement volume. The work Li is estimated numerically by integration of the measured pressure [29] .
Results and Analysis
The results of our measurements are presented in Figure 2 . Note that IMEP(i) was plotted against the cycle number i for the increasing equivalence ratio Φ representing by the lines '1-4'. By numbering 1 to 4 we arranged them in the order of decreasing equivalence ratio from Φ = 0.781 to very lean conditions Φ = 0.677, 0.595, and 0.588, respectively. Interestingly, the IMEP oscillations increase monotonically to reach the maximum in the case '4' (Fig. 2) . Simultaneously, the average pressure value IMEP is initially decreasing, reaching the minimum at the case '3'. However is growing again in the case '4'. In addition to the lines '1-4' we have also plotted the line '5' corresponding to the pressure time series of a motored engine.
The following is our statistical analysis from calculation of the basic stochastic properties as average values, variances, standard deviations, and higher moments (skewness and kurtosis) using following definitions: 
where X n denotes the consecutive element of the examined time series. Note that definitions of variables and symbols used in the paper are summarized in Table 2 . The distributions of IMEP for examined cases are presented in Figure 3 . Note, they differ considerably in their widths and their average values. Starting from the higher equivalence ratio Φ = 0.781 we observe the largest IMEP (case '1' in Table 3 ) and it is decreasing monotonically with decreasing Φ = to 0.677 and 0.595 (cases '2-3'), respectively. For the smallest Φ = 0.376 one can observe small increase of IMEP . On the other hand, the standard deviation σ IMEP (Table 3) has the tendency toward increasing to the highest value for the smallest considered Φ. This is an obvious indication of increasing fluctuations. The similar tendency has also been reported in other papers focusing on working on a gasoline fueled engine [26, 27] . In those papers, authors examined the cyclic heat release and the maximum cyclic pressure against the spark ig- nition advance angle. In some limit of the large advance angle they observed large fluctuation of combustion process including a misfire phenomenon.
In our results the effect of noticeable increasing in IMEP from the case '3' to the case '4' with decreasing equivalence ratio Φ is also coincided with increasing amplitude of fluctuations measured by a square deviation of IMEP. This can be explained by the appearance of period doubling. Here this phenomenon can be supported by sudden dramatic increase of the mean square deviation with a relatively small change of Φ and the appearance of two maxima in the corresponding histogram (Fig. 3) . Evidently, small changes in the mixture composition at spark can produce large changes in combustion because of the highly nonlinear effect of composition and temperature on flame speed [28] .
Furthermore the changes in distribution shapes should be commented. In all cases '1-4' one can notice the asymmetry in the probability distribution with the noticeable shift of the most probable values to the right hand side. The change in the flatness of distributions '1-4' is intriguing. With the decreasing equivalence ratio Φ the kurtosis is going from the nearly Gaussian shape '1' to more and more concentrated shape (see cases '2' and '3' in Fig. 3 and Table 3 ). Finally, in the case '4' one can see the opposite situation. Here the shape is the most flat. Note that the conclusion about the Gaussian shape of IMEP distribution is drawn from the values of kurtosis defined (2) in respect to non-dimensional units (as square deviation). The shapes presented in Fig. 3 are scaled in current values of IMEP and could not be compared directly. More concentrated distributions with V 4 > 0 imply the tendency to an intermittent transition of IMEP fluctuations which is evident while changing Φ = 0.595 in the case '3' to 588 in the case '4' [34] .
For further study we employed a multifractal algorithm [35] previously used to characterize complex dynamics in other systems. In further studies we propose to use a multifractal analysis [35] which appeared to be a powerful tool to analyze the complexity of the nonlinear systems. This technique has been widely used in biological systems [36, 37] but recently has been applied in engineering systems, e. g. to examine seismic sequences [38] , and to detect cracks in plates [39] or rotors [40] . Recently, it has been also applied to study engine dynamics fueled by gasoline [41] . Following the multifractal procedure [35] we performed the analysis in the small vicinity each cycle i along the examined time series IMEP(i + ∆i) looking for the exponent h i (usually non-integer), which estimates the corresponding difference:
Here a h is a coefficient related to the exponent h i determining the local internal separation. The selected examples for the estimation of critical exponents of the 'case 3' time series are presented in Figure 4 . Generally, the multifractal analysis of pressure oscillations is based on constructing a singularity spectrum f (h) of all h i exponents providing a precise quantitative description of the system behaviour [35 -37] . Formally, h defines the Hölder exponent while the 
where h min and h max are defined to satisfy f (h) = 0, is defined as the complexity measure of the system response while the h 0 , which corresponds to the maximum of f (h) and represents approximate the average exponent, indicates the randomness of pressure fluctuations. Note that the value h 0 = 0.5 indicate the Brownian motion for which the consecutive steps are fully independent [42] . For h 0 < 0.5, the stochastic process is persistent (IMEP of neigbour cycles is correlated positively) while for h 0 > 0.5 it is anti-persistent (IMEP of neighbour cycles is correlated negatively). Summarizing the interpretations of ∆h and h 0 one can say that the wider the range of possible fractal exponents, the "richer" the dynamical structure, while the larger h 0 means more correlated fluctuations (less random). Figure 5 and Table 3 show that the system is most complex for the case '3'. Simultaneously, correlations are changing considerably showing that the case '4' is the most correlated. The conclusion is that in this particular case the actual value of IMEP oscillations in the combustion chamber is dependent on IMEP in previous cycles.
Conclusions
In summary, we would like to stress that the combustion process of natural gas has a complex dynamics.
Some insight into the process and its evolution with the changing equivalence ratio is revealed by several different statistical parameters. The large range of system responses on variable equivalence ratio (Figs. 2 and 3 ) makes it obvious that the main effect of fluctuation is coming from the dynamical process of combustion.
Furthermore, it is also worth to note that the presented multifractal approach has obvious advantages to quantify the combustion process using the measures of complexity and persistence. Such information could be useful for developing a more effective engine control strategy [43] improving capabilities of actual onboard real-time engine combustion control systems. It could also improve diagnostics for engine defects. In our multifractal calculations we used the software provided by physionet [36] .
